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Ahstr-ucf-Multiple signal representation (MSR) techniques 
have been used to reduce the high peak-to-average power ratios 
(PAR) of Orthogonal Frequency Division Multiplexing (OFDM) 
signals. These includes partial transmit sequences (PTS), selected 
mapping (SLM), selective wambling, and interleaving. All MSR 
techniques often improve the PAR statistics and are-iterative in 
nature. The PAR reduction obtainable depends on the;number of 
iterations performed, which also increases the complexity of the 
OFDM transmitter. However, a means to estimate the achievable 
PAR reduction for a given number of  iterations has not been 
reported in the literature so far. This paper derives a bound 
on the achievable PAR when a MSR technique with a given 
complexitj is used. Our analytical results show a clear asymptotic 
behavior of the PAR as the number of iterations is increased. 
Simulation results justify the significance and accuracy of the 
PAR bound derived. 
I .  I N T I < O D U C T I O N  
Orthogonal frequency division multiplexing (OFDM) is 
successfully used in many wireless digital communication 
systems [ l ] .  OFDM is also a potential candidate for future 
broadband wireless communication systems. However, OFDM 
suffers from high peak-to-average power ratios (PAR). A large 
PAR lcads to disadvantages such as increased complexity of 
the analog-to-digital converter (AID) and reduced efficiency 
o f  the radio frequency (RF) amplifier. High peaks are clipped 
by non-linear devices at  the transmitter, causing undesirable 
effects such as high out of band radiation and inband distortion 
[ 2 ] .  The PAR reduction techniques are therefore of great 
importance for OFDM systems. Several solutions to the PAR 
reduction problem have been reported in  the literature [3]-[SI. 
Multiple signal representation (MSR) techniques have been 
proposed proposed by several researchers to reduce the PAR. 
Partial transmit sequences (PTS), selected mapping, interleav- 
ing, selective scrambling are some of the schemes which use 
MSR to reduce the PAR. These are all distortionless PAR 
reduction techniques. In these schemes, several replicas of the 
OFDM symbol of a given data frame i s  fomied and the one 
with the minimum PAR is chosen for transmit. 
I n  this paper we derive the asymptotic behavior of PAR 
when the number of iterations of the MSR technique is 
increased. This paper is organized as follows. It starts with 
an overview of OFDM transmission and PAR in Section 11. 
Section 111 discusses some of the MSR techniques, while 
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section IV discusses the statistical distribution of PAR of an 
ordinary OFDM signals and PAR reduced OFDM signals. 
Nuniber of iterations required to achieve a given threshold 
PAR is derived in Section V and Section VI presents the 
simulation results. Section VI1 concludes the paper. 
11. ORTHOGONAL FREQUENCY DlVlSlON M U L T I P L E X I N G  
In OFDM, a block of N symbols, { X n ,  n = 0, I ,  ..., N - 
1}, is formed with each symbol modulating one of a set of 
N subcarriers, fn, 71. = 0,1, ..., N - 1. The N subcarriers are 
chosen to be orthogonal, that is fn = CnAf, where A f = 1/T 
and T is the OFDM symbol duration. The resulting signal can 
be expressed as 
N-1 
x ( t )  = - X,ej2Tft't ,0 5 t 5 T.  (1)  
n=O 
A cyclic prefix (called guard interval) is added to the resulting 
signal in order to avoid the intersynibol interference (ISI) 
which occurs in multipath channels. At the receiver the guard 
interval i s  removed and the time interval [O,T] i s  evaluated. 
The guard interval usually a periodic extension of the OFDM 
symbol. 
Time-domain samples of OFDM signals in the equivalent 
complex valued low-pass domain are approximately Gaussian 
distributed due to the statistical independence of carriers. 
Resulting high PAR i s  given by 
where E[.]  denotes expectation. This does not depend on the 
signal set X, used to modulate the signal. The theoreti- 
cal maximum of the PAR for N number of sub-carriers is 
10 log(N)dB. An oversamplinng factor of L 2 4 is often used 
to estimate the actual PAR from i ts  samples. 
111. MULTIPLE S I G N A L  REPRESENTATION TO R E D U C E  T H E  
PA R 
The basic idea behind MSR techniques is to generate 
multiple, independent OFDM symbols to represent an input 
data frame and select the minimum PAR symbol for trans- 
mission. There are several techniques based on this idea and 
these primarily differ in the way they generate the multiple 
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symbols. Another issue with this approach is the need for side 
information to tell the receiver which one of the signals has 
been used. Some of the MSR techniques are briefly introduced 
below. Let us assume U ( >  1) independent sequences are 
generated to reduce the PAR in following techniques. 
A .  Portio1 transniit seqirences (PTS) 
The first step of PTS is to identify a suitable set of sub- 
blocks [6]. The data frame is defined as a vector, X = 
[XO. -YL. . . . ~ X,, . . . , X N - ~ ] ~  , where X,, is the data symbol 
for subcarrier ' r ~ ,  17. = 0:  1: . . . , N - 1. Data frame X is parti- 
tioned into Ad sub-blocks (XTn). The IDFT of X, s are called 
partial transmit sequences. Let yk,, for k = 0,1 ,  . . . , LN - 1, 




where I,, is the subset of subcarriers of the *m-th subblock. 
Oversampling rate L N  estimates the accurate PAR. Using the 
linearity property of IDFT, the time domain samples can be 
represented as 
AI 
5~ = Dm.yn , k = 0.1 , .  . . . LN - I (4) 
m = l  
where {bTn; r.12. = 1 , 2 ,  . . . ~ Ad} are weighting factors. They are 
further assumed to have pure rotations (i.e., b, = ej$Iri). The 
weighting factors are chosen to minimize the PAR of s k .  Let 
the alphabet of O, be (I. The optimal PAR can be 
found using 
Computation of optimal PAR in (5) requires q"-l iterations. 
B. Selected niapping (SLM) 
In SLM one favorable signal is selected .from a set of 
different signals which all represent the same information at 
the transmitter [7]. Modulated symbols (X,) are multiplied 
with U vectors P" (P" = [P;;", P;, . . . , P;-l], with Pz = 
c.l+:: q:L E [0 ,27~))  resulting in U different sequences. The 
IDFT of each of these frames are taken and the one with 
the minimum PAR is chosen for transmission. Identity of 
the vector used to generate the low PAR sequence is also 
transmitted with the data. This approach can be used with 
arbitrary number of subcarriers with moderate complexity. A 
method to generate U distinct vectors is also presented [7]. 
C. Selective scrambling 
A technique called selective scrambling is reported in [SI. 
Four codewords in which the first two bits are 00, 01, 10, 
1 1  are formed by concatenating each of these bit pairs with 
four fixed cyclically inequivalent 'vi-sequences. The sequences 
are then mapped to QPSK symbols and the sequence with the 
minimum PAR is chosen for the transmission. The first bit 
pair of the each sequence is used at the receiver to select 
the appropriate descrambler. In this case, only four alternative 
sequences (U = 4) are generated to reduce the PAR. 
D. Interleaving 
Highly correlated data frames of OFDM signals have large 
PARS, which could thus be reduced, if the long correlation 
patterns are broken down. A set of fixed permutations (in- 
terleaving) is used in this technique to break these correlation 
patterns [9]. In this approach IC- 1 interleavers are used at the 
transmitter. These interleavers produce I< - 1 permuted frames 
of the input data. The minimum PAR frame of all the K frames 
is selected for transmission. The identity of the corresponding 
interleaver is also sent to the receiver as side information. 
Bit level interleaving requires extra K - 1 symbol mapping 
blocks. and serial to parallel converter blocks compared with 
the symbol level interleaving. Thus, symbol level interleaving 
is less complex than bit level interleaving. The performance 
of this approach is similar to the performance of the other 
techniques mentioned above. 
Iv. STATISTICAL DISTRIBUTION O F  PAR 
An empirical expression for the distribution of PAR has 
been described in [lo]. For an OFDM signal with N sub- 
carriers, the samples of the complex baseband signal can be 
written as ~k = XnejaTnklN.  From the central limit 
theorem it follows that for large values of N ,  the real and 
imaginary values of z k  become Gaussian distributed, each 
with a mean zero and variance 1/2. The amplitude ~k = j z k /  
of the OFDM signal is therefore Rayleigh distributed with a 
probability density function 
f T k  (?") = 2Te-Ta, T 2 0 ( 6 )  
while the power (pk = T E )  distribution becomes a central 
chi-square distribution, with a cumulative distribution function 
(CDF) given by 
Fp,, ( p )  = Pr(p, 5 p )  = 1 - e-p.  (7)  
The CDF of the PAR of an OFDM signal can then be 
derived assuming that the samples are mutually independent 
and uncorrelated 
~t 5 t o )  = (1 - exp(-to))N. (8) 
However, by Parseval's relation 
N - l  
= N .  ( 9) 
k=O 
Therefore, the independent assumption in (8) is not strictly 
true. As (8) does not also hold for the oversampling case, 
[lo] suggests addition of a certain number of extra indepen- 
dent samples to approximate the effect of oversampling. An 
empirical expression for the CDF of PAR can be written as 
W E  < E O )  = [ I -  exp(-<o)laN (10) 
where a > 1. Reference [lo] shows that 0 = 2.8 is a good 
approximation for the oversampled OFDM signals in general. 
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Fig. 2. Cumulative distribution of PAR of an OFDM signal with PAR 
Fig. 1.  Cumulative disti-iburion of PAR of an OFDM sigiial (I6 iterations). 
A. PAR distribution of MSR-OFDM signals 
The complementary cumulative distribution function of PAR 
of an OFDM signal is given by (10). If fully independent 
iterations are assumed so that the K permuted outputs are 
uncorrelated, the complementary cumulative distribution func- 
tion (CCDF) of the PAR of the PAR reduced OFDM signal 
[PI((,( > t o ) )  can be obtained as follows: 
IC 
PI(CIC > E )  = rl[ Wti > E o )  (1 1) 
i=l  
where > ( 0 )  is the CCDF of PAR of the a-th permuta- 
tion. If all the I\' iterations are independent and uncorrelated 
( 1  1 )  can be expressed as 
required (U;) to reduce the PAR of an OFDM signal below a 




11 - exP(-<o)lnN ' 
Finally, the (15) can be used to estimate achievable PAR (th) 
for a given number of iterations 6, 
where cy = 2.8 and N is the number of subcarriers. 
P l ( E A  > Eo)  = (Pl(< > E 0 ) Y  ' (12) 
Thcrcfore, the CCDF of PAR reduced OFDM signal can be 
obtained using ( 10). 
VI.  RESULT5 
Siniulations have been performed for OFDM systems with 
64, 256 and 1024 subcarriers, employing quadrature phase cuN I' 
pl(< > E O )  E (1 - [I - esP(-61)l ) . (13) shift keying (QPSK) modulation. 
The CDF is given by 
V. C O M P L E X I T Y  O F  PAR REDUCTION 
The CDF of PAR if an OFDM signal' is given by (10). 
Let the probability of PAR greater less than a given threshold 
((1 be p .  In other words we have only one OFDM symbol 
having a PAR less than Eo ainong randomly selected l / p  
OFDM symbols on average. On the other hand we know that 
the PAR of an OFDM signal depends only on the number 
of carricrs. It does not depend on the constellation used to 
modulated the data. Therefore, we can say on average we need 
l /p  iterations to reduce the PAR of an OFDM signal below 
the given threshold t o .  Consequently, the nuniber of iterations 
A .  PAR distribution 
Fig. 1 depicts the simulation results of CDF of PAR of 
an OFDM signal. Both theoretical and simulation results are 
presented. The PAR of an OFDM signal with 1024 subcarriers 
is mostly greater than 7 dB. One OFDM synibol out of 20000 
OFDM symbols has the PAR less than 7.5. Only one out of 
20000 OFDM symbols has a PAR less than 4.7 dB and 6.3 dB 
when the number of subcarriers are 64 and 256 respectively. 
This CDF results can used used to get an idea of the number 
of iterations need to reduce the PAR below a given thr$shold. 
For example, we need to do 20000 iterations on average to 
pick an OFDM symbol having a PAR less than 4.7 dB, 6.3 
dB and 7.6 dB when the.nuniber of subcarriers are 64, 256 
and 1024 respectively. 
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Fig. 3 .  
O F D M  signals using selected mapping with I6 iterations. 
Coniplenientary cumdative distribution of PAR of PAR reduced Fig. 4. Achievable PAR reduction for a given number of iterations 
Fig. 2 depicts the CDF of PAR of an PAR reduced OFDM 
signal when SLM with 16 iterations is used as the MSR tech- 
nique. Both theoretical and simulation results are presented. 
Fig. 2 indicates that the use of MSR results in only a slight 
improvement of the PAR at CDF of corresponding to 
approximate gains of 0.3 dB for all three OFDM systems 
considered with 16 iterations. The gain is from 7.6 dB to 7.3 
dB when N = 1024 and it is from 6.3 dB to 6 dB and from 
4.6 dB to 4.3 dB for N = 256 and N = 64 respectively. Note 
that the MSR techniques used, brings the high PAR OFDM 
signals towards the lower end of PAR statistics, while there is 
only a slight improvement at the lower end. 
The actual gain of a PAR reduction scheme is observed 
by the CCDF of PAR as depicted in Fig. 3, which shows 
simulation results of CCDF of the PAR corresponding to the 
results in Fig. 2. As seen in this figure the PAR is reduced 
by 4.3 dB, 3.6 dB and 3.4 dB for N = 64, N = 256 and 
N = 1024 respectively. 
B. Conzplesitl, of PAR r*edziction 
Fig. 4 presents the achievable PAR reduction for a given 
number of iterations, estimated using (15). It is evident that the 
required number of iterations increases exponentially when the 
threshold PAR is reduced. A MSR technique with 16 iterations 
(K,  = 16) can not reduce the PAR (ex)  below 6.2 dB, 7.5 dB 
and 8.4 dB of an OFDM signal having 64, 256 and 1024 
subcarriers respectively. This is evident from the CDF and 
CCDF of PAR depicted in Fig. 2 and Fig. 4. Further PAR 
improvement using a MSR technique requires an exponentially 
increasing number of iterations. 
Observe in the Table I that the number of iterations required 
to improve the PAR increases exponentially without significant 
PAR reduction. tc = 1 corresponds to the PAR of uncoded 
OFDM signals at lo-' CCDF. Only a 0.6 dB gain is achieved 
by increasing the complexity of the 1024 subcarrier OFDM 
system from K = 16 to K = 1000. Complexity of the 
transmitter is measured in terms of number of iterations 
performed. Gains of 1.1 dB and 0.8 dB are obtained for OFDM 
systems with 64 and 256 subcarriers respectively. 
As is seen in the Fig. 3, there are OFDM symbols having 
PAR greater than the achievable PAR (GG) predicted by the 
(1 6). This is justified by the independent and uncorrelated 
assumption in deriving the (16). In practice U copies of 
OFDM symbols obtained for each iteration are not completely 
uncorrelated, as they are generated from the same data frame. 
TABLE I 
ACHIEVABLE PAR ( tn)  FOR A G I V E N  C O M P L E X I T Y  k 
Achievable PAR (& dB) 
t i =  1 K =  16 t i =  100 t i =  1000 N 
16 En 11.5 6.2 5.6 5.1 
gain 5.3 5.9 6.4 
7.5 7.0 6.7 256 tK 12 
gain 4.5 5 5 . 3  
8.0 7.8 1024 En 12.5 8.4 
gain 4.1 4.5 4.7 
This observation is true for any other PAR reduction scheme 
as well. For any OFDM system with a given number of 
subcarriers, we have only one OFDM symbol having the PAR 
below out of K OFDM symbols. Therefore, we need to 
restrict our PAR reduction scheme, such a way that it will 
generate only those low PAR OFDM symbols. However, thc 
occurrence of these low PAR OFDM symbols are rare, making 
it very difficult to reduce the PAR below a certain level. For 
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example? when IV = 256 the system requires to avoid 10000 
( K  = 10000) possible OFDM symbols to generate one OFDM 
symbol having a PAR below 6 dB (X, = B d B ) .  Therefore, it is 
practically impossible to reduce the PAR of the 256 subcarrier 
OFDM system below 6 dB. 
V11. CONCLUSIONS 
This paper shows the bound in the PAR reduction, when 
the PAR is reduced using a multiple signal representation 
technique. The PAR of an OFDM signal does not depend 
I on the modulation format. This fact enforces the bound on 
the achievable PAR for a given complexity of the MSR 
technique used. The PAR of an OFDM signal shows the 
evidence of a clear asymptotic behavior i s  the number of 
iterations i s  increased. The analytical results presented here 
can predict both the number of iterations required to achieve 
a given threshold and the achievable PAR for a given number 
of iterations. Simulation results exhibit a close agreement 
with the predicted bounds. This shows the practical difficulty 
of reducing the PAR below a certain limit using a MSR 
techniques. This observation can be applied equally well in 
any other PAR reduction scheme. 
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